Abstract: Nondiffracting beams maintain their intensity profiles over a large propagation distance without substantial diffraction and exhibit unique propagation trajectories, leading to scientific impacts in various fields. However, the nonlocalized intensity distribution of nondiffracting beams is restrictive for many practical applications. Thus, strategies to optimize the beam profiles remain much in demand. In this report, we demonstrate an evolutionary algorithmic framework for optical beam engineering and optimization and experimentally validate it by realizing quasi-nondiffracting radially self-accelerating (or self-rotating) beams in a high-resolution imaging system. The work reports a tightly confined side-lobe-suppressed helicon-like beam that largely maintains its properties of radial self-acceleration and nondiffraction in the 3-D space. The optimization method represents a new methodological avenue that can be extended to a broad range of beam engineering problems.
Introduction
The development of self-accelerating Airy beams [1] , [2] in the past decade has triggered a resurgence of interest in nondiffracting beam propagation. As exact solutions of the paraxial wave equation, Airy beams can propagate over many Rayleigh lengths without appreciable diffraction, are self-healing after being obscured in scattering media, and undergo lateral displacement as they propagate, resulting in a bending light path [1] . These unique properties have rapidly drawn broad research interests, in areas ranging from optical manipulation [3] , plasma wave-guiding [4] , micro-machining [5] , and nonlinear optics [6] , to the generation of varying nondiffracting waveforms, such as electron beams [7] , plasmonic waves [8] , acoustic waves [9] and quantum particles [10] . In the field of optical microscopy, Airy beams have recently been implemented as the point-spread function (PSF) of high-resolution imaging modalities in super-resolution microscopy [11] and lightsheet microscopy [12] , with their advantageous imaging capabilities contributing to the emergence of nondiffracting-beam-facilitated optical imaging.
Moving beyond the paraxial limit of Airy beams to consider the full domain of wave propagation, new families of nonparaxial accelerating beams have been identified and demonstrated [13] - [15] . As exact solutions to the Helmholtz equation, these beams exhibit shape-preserving spatial acceleration with significantly enhanced bending curvatures along adjustable trajectories. In essence, these works utilize the underlying symmetries of the wave equation and present Bessellike solutions in varying coordinate systems [16] . Amongst various propagation trajectories, the helical trajectory is of particular interest, because, unlike the aforementioned accelerations, which extend in lateral space, the accelerating motion can be confined to the azimuthal degree of freedom, driven by the angular momentum. Indeed, there has long been an interest in rotating beams [17] - [23] , including the work by the Piestun and Moerner laboratories engineering a double-helix PSF for super-resolution optical imaging [24] .
The recent development of radially accelerating Bessel beams provides a generalized helicon solution [25] , implying many new applications. However, similar to Airy beams, nonparaxial accelerating beams are not square integrable, thus carrying infinite power in the transverse dimension [2] , [13] , [25] . In fact, the non-localized intensity distribution remains clearly noticeable when these beams are produced in practice using finite apertures [1] , [2] , [13] , [15] , [25] , [26] . While the side lobes play crucial roles in facilitating the long propagation distance, as well as allowing the self-healing of the main lobe, such an extended profile is restrictive for many practical applications such as imaging, particle manipulation, and materials processing. Hence, a nondiffracting beam profile with a more confined main lobe and reduced side lobes remains much in demand.
Here, we demonstrate an evolutionary algorithm (EA) for optical beam engineering and optimization. We experimentally validate the EA method by realizing an optimized helicon-like beam in a highresolution fluorescent imaging system. This work reports a tightly confined, side-lobe-suppressed beam profile that largely maintains its radially self-accelerating and nondiffracting properties in 3D space. The new end-result-oriented EA approach provides a generalized tool that can feasibly be extended to a broad range of beam optimization problems.
Problem Formulation and System Setup
The construction of a variety of nondiffracting waveforms relies on the realization of the spatial-frequency constituent modes of these waveforms in the Fourier domain, which are not readily accessible through conventional beam profiles [1] , [2] , [13] , [15] , [25] . In addition to providing a feasible experimental methodology, the Fourier-domain-based strategy transforms a complex waveform into spatial modes, thus implying the conversion of a beam optimization problem into one of solving the optimum combinatorial parameter space of these modes. Because metaheuristic computation is particularly well-suited for combinatorial optimization problems [27] , we developed the EA, a population-based optimization metaheuristic (described in Section 3), to provide optimized solutions for this Fourier-domain-based approach. To validate the method, we demonstrated nondiffracting helicon-like beams in a high-resolution imaging system, using the Fourier-domain-based scheme that has been adopted for various nondiffracting-beam-facilitated or PSF-engineered optical imaging modalities [11] , [24] , [28] , [29] ( Fig. 1(a) ).
Theoretically, as shown in Ref. [25] , the generalized radially self-accelerating helicon solution to the full scalar Helmholtz equation + k 2 = 0, where k is the wavenumber and is the wavefunction, can be described as (ρ, ϕ, z) = C n J n (α n ρ)e i n(ϕ+ωz) , a superposition of rotating Bessel functions, where ρ, ϕ, and z are cylindrical coordinates, C n and α n are scale coefficients, J n is the Bessel function with constituent Bessel mode n, and ω is the angular velocity with respect to the propagation distance z [25] . The light field of such helicon beams can thus propagate along a spiraling (i.e. radially self-accelerating) trajectory with a nondiffracting profile at a constant angular velocity ( Fig. 1(b) ). Using the Fourier-domain-based scheme, helicon beams can be generated based on the consideration that their Bessel beam solutions (ρ, ϕ, z) = C n J n (α n ρ)e i n(ϕ+ωz) are the Fourier transform of a superposition of infinitely thin rings of radii r n = α n f/k, where f is the focal length of the Fourier-transform lens. Each ring carries a helical phase pitch δ, proportional to the order of the Bessel function n, described as
1/2 ( Fig. 1(c) shows an exemplary Fourier-domain pattern, composed of modes n = {1, 2, 3, 4}). Practically, the corresponding phase pattern on a spatial light modulator (SLM) is a Bessel-Gauss approximation [30] using rings of finite width to resemble the ideal Bessel beam solution, but with finite power ( Fig. 1(a) and (c)). Because such a phase mask design unfavorably rejects photons outside of the discrete rings, we first introduced a continuous phase mask to enhance the photon efficiency. Essentially, it can be derived that the phase pitch δ has an approximately parabolic relationship with the radius r,
, given the fact that r f , i.e. the scale of the phase mask on the SLM is much smaller than the focal length of the Fourier-transform lens (r ≤ 4 mm and f = 20 cm in the presented setup). Based on this mathematical observation, the helical phase pitch δ at a radius r can be written in a general parabolic format δ(r ) = ar 2 + br + c, where (a, b, c) are three scale parameters to be determined. The phase pattern at a polar coordinate (r , θ) on the SLM can hence be described as (r , θ) = (ar 2 + br + c) · θ/2π ( Fig. 1(d) ). Thus, the EA works to identify a combinatorial solution of (a, b, c) which achieves the optimum beam profile (i.e. the Fourier transform of the phase mask).
Experimentally, the engineered beam is realized through a 4-f system in the detection pathway, with a SLM (PLUTO-VIS, Holoeye) placed at the Fourier plane and controlled by the EA to implement the spatial modes via the phase modulation of the fluorescent emission ( Fig. 1(a) ). Sub-diffractionlimit 100-nm fluorescent beads (TetraSpeck, Thermo Fisher) were used as point emitters, and, by scanning beads axially, their images at various axial positions were recorded using a 100×, 1.45NA oil objective lens (CFI Plan Apo Lambda, Nikon). Such axial stacks of fluorescent images represent the EA-optimized PSF of the high-resolution imaging system. It should be noted that we described the beam as quasi-nondiffraction based on two main considerations. First, although true nondiffracting beams have theoretically been demonstrated, experimental observations on these beams are always quasi-nondiffracting due to beam truncations in the practical realization. Second, because the continuous phase pattern is developed based on a reasonable approximation of the original relationship between the pitch and radius, the resulting waveform can be considered as an extension of the original helicon beam. Indeed, we have shown that, in practice, the engineered beam largely maintains helicon-like nondiffracting properties in the experimental validation (described in Section 4). 1. An initial population of organisms (Gen I) is randomly created, as described in the top panel in the inset figure, representing the parameters (a, b, c), thereby determining the phase masks (r , θ) and their Fourier transform (F.T.), i.e. the beam profiles. 2. Scoring by the fitness function (F.F.) is applied to the profiles corresponding to each organism in the population, based on the chosen criteria. Inset color bars show exemplary scores, lower being better. 3. Subsequent generations (e.g. Gen II, III) are created based on these rules: 1) The worst-scoring organisms are eliminated from further consideration (e.g. Gen I-1); 2) the best-scoring organisms are copied without mutations (e.g. Gen II-4 → Gen III-5); 3) organisms randomly created de novo may be added (e.g. Gen III-1); 4) the remaining organisms are allocated to be the parents of new, mutated organisms using a fitness-proportional roulette wheel [27] (e.g. Gen I-2,3 → Gen II-2,3,4). 4. Steps 2 and 3 are repeated for a fixed number of generations or until chosen criteria for convergence are satisfied.
Evolutionary Optimization Algorithm: Principle and Results
To obtain the optimum beam profiles, we developed the EA framework to optimize the phase mask towards the desired beam features. The EA uses the concept of biological evolution to obtain the most suitable organism (i.e. set of phase mask parameters (a, b, c) ) for a given optimization objective (i.e. desired beam profile) [27] . Here, desiring to confine the beam expansion for practical use as well as to explicitly reveal the rotation of the beam, we chose an elliptical Gaussian-like main-lobe profile with suppressed side lobes as the optimization target. In practice, as illustrated in the inset figure (top panel) in Table 1 , an initial population of organisms is created, each defined by a set of parameter values of (a, b, c), randomly chosen within a bounded range (to avoid excessive phase wrapping on the SLM). The corresponding phase masks (r , θ) of these organisms are then Fourier transformed into beam profiles. These beam profiles are evaluated through elliptical Gaussian fitting and assigned a fitness score based upon the criteria that define the quality of the beam profile (detailed below). Subsequent generations of organisms are created in four categories as described in Table 1 and are processed on a similar theme, as guided by the fitness score. The procedure ends when a fixed number of iterations elapse or a satisfactory score is reached (the EA source code is provided at https://sites.google.com/site/thejialab ). In this work, the fitness score was obtained from three weighted criteria: 1) the goodness of fit to a Gaussian, defined by the mean squared error between the normalized beam profile and its elliptical Gaussian fitting; 2) the aspect ratio of the profile ellipticity, defined by the difference between the fitted and target aspect ratios; and 3) the size of the profile, defined by the difference between the fitted and target sizes of the major axis. The scores from the three criteria were then weighted by factors (w g , w a , w s ), respectively, and the sum fitness scores of organisms in each generation are presented (Fig. 2(a) ). Here we used a constant population size of 40 organisms in each generation. It should be noted that the EA process of individual organisms is primarily stochastic, but the population behavior demonstrates a downward trend, where lower score values represent improved conformance to the criteria. The convergence of the optimization algorithm is directly reflected in the improvement in the representative organisms as the generations evolve, with the main lobe becoming confined to an elliptical Gaussian shape with suppressed side lobes ( Fig. 2(b) ). Looking at the entire evolving population, it is shown that the initial random organisms efficiently condensed into several dominant organism groups that are favored by the fitness criteria, typically within 10 generations of the EA run (Fig. 2(b) and (c) ). Afterwards, the dominant organisms switch among multiple combinatorial solutions (Fig. 2(c) ), while demonstrating largely unchanged beam profiles (and hence fitness scores). The introduction of elitism (copying the highest-scoring organisms directly to the subsequent generations without mutations) allows efficient evolution without the potential for regression. These best organisms in each generation exhibit a faster, monotonic Fig. 3 . Beam intensity profiles and the corresponding phase masks resulting from EA runs using alternative scoring criteria weights (w g , w a , w s ). As the ratios deviate from the empirical values of (20, 1, 1), the EA runs converge to varying beam profiles, favoring each enhanced criterion accordingly. Scale bar, 2 μm.
convergence that, as expected, outperforms the general population (Fig. 2(d) and (e) ). We experimentally applied a representative sequence of such evolving phase masks to the SLM, showing a substantially improved beam profile through several generations, ultimately achieving the desired compact, elliptical Gaussian form, in good agreement with numerical simulations (Fig. 2(f) ).
As the weighting factors (w g , w a , w s ) were deviated from the empirically favored setting (20,1,1), the resulting optimized profile was noticeably different (Fig. 3) . As seen, when increasing the weight w g , a similar Gaussian profile was maintained. However, as w a or w s were increased, the beam profile began to deviate from a Gaussian, leading to extended side lobes (while maintaining the aspect ratio of the fitted peak), or a deformed, but consistently confined, main lobe, respectively. These results imply that the EA can be used to engineer the beam profile in a flexible manner by adjusting the score weightings (i.e. optimization objective) in the fitness function. This adaptive feature can be utilized to tailor the beam profile to the demands of different applications, suggesting that the EA is a versatile method to obtain combinatorial solutions for complex optimization problems.
Experimental Validation: Quasi-Nondiffracting Helicon-Like Beams
We experimentally implemented the optimized phase mask and recorded the propagation of the helicon-like beams in 3D space. To do this, we obtained a set of optimized parameter values (a, b, c) = (1.86, 5.83, −0.48) after a fixed-length EA run of 40 generations. The dimensionless radial coordinate r of the phase mask (r , θ) ranges between (0, 1.15) to accommodate a beam diameter of 650 pixels on the SLM. The 100-nm fluorescent beads were placed above the focal plane initially and then scanned towards the objective along the axial (z) direction (Supplementary Note 1). As the sample was translated in z, the beam main lobe was noted to propagate along a spiral (radially self-accelerating) trajectory against the centroid of the intensity distribution, while maintaining a primarily nondiffracting profile with respect to the rotating rest frame (Fig. 4(a) and Supplementary  Fig. 1 ). Over a >10-μm range, the profile of the helicon-like beam expanded by only ∼2 times in width. In contrast, its standard Gaussian PSF (or Airy disk, to be exact) counterpart, recorded without phase modulation on the SLM, became significantly expanded due to diffraction beyond 0.5-1 μm from the focal plane (Fig. 4(b) ). Numerical simulations of the propagation of the helicon-like and Gaussian beams, using a beam-propagation method [31] , are consistent with the experimental results (Fig. 4(a) and (b) ).
The propagating trajectory of the helicon-like beam was quantitatively characterized using 2D elliptical Gaussian fitting to the main lobe of each intensity image. The fitting provides information about the peak position (in x and y) of an emitter, as well as the orientation of the axes of the ellipse as a function of the axial position. It is worth noting that the PSF may rotate beyond 180°, in which case an ambiguity would be created in determining the axial position using Gaussian fitting. In addition, the refractive index mismatch between the sample medium and the oil-immersion lens causes a spherical aberration, which becomes more severe as the sample is placed above the focal plane. For each AF, the out-of-focus parameter was marked by the corresponding axial distance, scaled to the maximum depth of the experimental data. The out-of-focus parameter can be considered linearly proportional to the axial distance within the imaging depth, which is substantially smaller than the effective focal length of the objective lens (2 mm) [33] . MTFs and AFs were plotted in log scale. Scale bars, 2 μm.
Therefore, we demonstrated a ∼6-μm linear rotational behavior below the focal plane (Fig. 4(c) ). More systematic calibration can be performed at different heights as proposed in Supplementary Note 2. It should also be noted that the fitting primarily describes the motion of the main lobe. The corresponding optical or magnitude transfer functions (OTFs or MTFs), inclusive of all the spatial frequencies of the beam, demonstrate a consistent rotation during propagation with a 90°offset in the orientation with respect to that of the intensity profile (the bottom row in Fig. 4(a) ), providing an alternative approach to characterizing the rotational behavior.
The properties of the helicon-like and Gaussian beams in the frequency domain can be further demonstrated using the ambiguity function (AF), a convenient display metric for examining the depth-dependency of the OTF (the bottom rows in Fig. 4(a, b) ) across the full out-of-focus range [32] , [33] (Fig. 4(d) ). We observed that the AF of the optimized helicon-like beam shows clearly improved uniformity across a much broader angular range, indicating that the spatial-frequency information it carries is insensitive to axial changes, compared to the Gaussian AF, which decays noticeably as the angle diverges from zero (i.e. the focal plane) over a typical 0.5-1-μm diffractionlimited axial range.
Discussion and Conclusion
In summary, we demonstrated an EA approach for optical beam engineering and optimization. We validated the method by realizing the optimized quasi-nondiffracting helicon-like beam in a highresolution imaging system. The EA provides an end-result-oriented process that explores large parameter spaces with the guidance of a unified fitness function, which can be readily customized to create variations for different optimization purposes.
The presented method and results are expected to add new insights into the emerging field of nondiffracting-beam-enabled or PSF-engineered optical imaging [11] , [12] , [24] , [34] - [36] , as well as other applications such as optical manipulation, materials processing, etc. By incorporating 3D experimental data in the fitness function, one could obtain a further optimized beam with a customized rotation rate ideal for its intended application. For 3D particle tracking or singlemolecule imaging, the beam can be potentially useful for 3D localization using its axial-positioncoupled rotating trajectory. It should be mentioned that the concept of using rotational information to determine the axial position of emitters has been successfully demonstrated with the pioneering double-helix and corkscrew PSFs [24] , [37] . The present work, as a demonstration of the EA method, is based on an accelerating Bessel beam solution and provides a helicon-like beam with an enhanced depth of focus and elliptical beam profile feasible to determine axial displacement from a single lobe.
Furthermore, the EA approach we demonstrate is complementary to the existing methods for PSF optimization in imaging systems, such as ad-hoc manual optimization [11] , [38] , optimization with a subset of solutions [26] , iterative or phase retrieval methods [24] , [39] , or maximizing information content [40] , [41] . In general, evolutionary (or genetic) algorithms demonstrate higher computational efficiency when exploring large parameter spaces, which can be particularly suitable for complex optimization purposes. However, in this work, the computational cost over other methods is not significantly improved due to the limited parameter space (i.e. three parameters (a, b, c) ). More specifically, we utilized a desktop PC (Quad-core Intel Core i5 at 3.3GHz, 4 GiB RAM), and the computational time is on the order of a few hours. However, the key point is that the algorithm only needs to run once to pre-calibrate the system, so the computational cost can be amortized over many uses of the evolved PSF, and thus quickly becomes negligible. It would not affect the viability of real-time applications since the phase mask would be computed in advance. For imaging applications that require significant variations in the PSF, e.g. altering the fitness function weightings to obtain a different beam profile, the EA could be conducted in a precalibrated manner, by generating a library that consists of sufficient phase mask examples. The presented EA framework can be readily extended to the optimization of other types of physical waves, as well as to complex beam propagation, e.g. in scattering media [42] . The full range of population-or single-solution-based optimization metaheuristics, including, e.g. simulated annealing, provides a variety of flexible and powerful tools for addressing a wide range of physical problems in optical design and engineering.
